
math 104
Optional Homework – Due April 4, 2017

Jamie Conway

This homework is optional. If done, its grade may be used to replace your second-lowest
homework grade (since the lowest will already be dropped).

Define a function exp(x) by

exp(x) =
∞∑
k=0

xk

k!
.

Our goal is to prove that exp(x) = ex. In fact, we never defined e in class, so let’s define e
to be the value of exp(1).

1. Show that exp(x) has a radius of convergence of ∞, ie. exp(x) is defined on all of R.
Find the theorem in Ross §26 that guarantees that exp(x) is continuous on R.

2. Show that exp(x) satisfies the following two properties that we know are satisfied by
ex:

(a) exp(x+ y) = exp(x) exp(y) for all x, y > 0, (b) exp(−x) =
1

exp(x)
for all x ∈ R.

Hint: Let expn(x) denote the nth partial sum of the series. For the first property, show
that

expn(x+ y) ≤ expn(x) expn(y) ≤ exp2n(x+ y)

and then take limits. For the second, show that

| expn(x) expn(−x)− 1| ≤
2n∑

k=n+1

|2x|k

k!
,

and conclude that expn(x) expn(−x)→ 1.

3. Conclude that er = exp(r) for all r ∈ Q. You will have to use our definition of e from
above.

4. Prove that ex is continuous on R.

Hint: use ε–δ; you can take as proved that ex is monotonically increasing on R and
that lim e1/n = 1.

5. Conclude that ex = exp(x) for all x ∈ R.

Hint: you can assume results from previous homeworks/midterms; you should be able
to generalise your proof to show that if two functions f and g are continuous on R,
and f(x) = g(x) for all x ∈ Q, then f(x) = g(x) for all x ∈ R.

Now we know that
d

dx
(ex) = ex and

∫ t

0

et dt = ex − 1, by Theorems 26.4-5 in Ross.


